We show that a de Sitter spacetime is a solution of Einstein's eld equations with the energy momentum tensor of a self-interacting, classical Maxwell-Boltzmann gas in collisional equilibrium. The self-interaction is described by a four-force which is quadratic in the (spatially projected) particle four-momenta. This force does not preserve the particle number and gives rise to an exponential increase in the comoving entropy of the universe while the temperature of the latter remains constant. These properties of a gas universe are related to the existence of a \projector-conformal" timelike Killing vector representing a symmetry which is \in between" the symmetries characterized by a Killing vector and those characterized by a conformal Killing vector.
I. INTRODUCTION
Standard inationary cosmology relies on the dynamics of a scalar eld with a suitably designed potential term allowing for an eectively negative pressure of the cosmic substratum [1, 2] . Alternatively, there have been numerous attempts to describe early phases of accelerated expansion, either power-law or exponential, as nonequilibrium (imperfect) uid phenomena (see [3, 4] and references therein). Studies along this line make use of the fact that uid viscosities are dynamically equivalent t o e ffective negative pressures. Such kind of pressures occur, e.g., due to internal interactions inside relativistic gases [5{7] . However, the dissipative uid approaches face the following general problem. Their reliability is restricted to small deviations from perfect uid behaviour, i.e., close to (local) equilibrium, while ination in this context is necessarily a far-from-equilibrium phenomenon. Although the imperfect uid dynamics was shown to admit inationary solutions (see [3, 4] and references therein) their physical signicance is unclear [8] . The question whether or not bulk viscosity m a y drive ination [9] remains open.
A dierent line of uid dynamical early universe investigations implying eective negative pressures as well is connected with cosmological particle production [10{22] . Here, the negative bulk pressure is not due to deviations from (collisional) equilibrium but is a consequence of the phase space enlargement of the uid particle system. Negative pressure terms of this kind in the local energy-momentum conservation relations may be regarded as equivalent to corresponding not necessarily small source terms in the energy-momentum balance of a perfect uid. In other words, the eective nonequilibrium description in terms of imperfect uid quantities mimics a perfect uid with continuously increasing particle number, supposedly of quantum origin. While the magnitude of conventional viscous pressures which are due to particle number preserving interactions within the uid is severely restricted by close-to-equilibrium conditions, the magnitude of eective, cosmological particle production describing bulk pressures is not.
Previous investigations have shown that such kind of (generalized) equilibrium particle production (creation of perfect uid particles with minimal entropy production) may substantially modify the standard cosmological dynamics, including the possibility of \reheating" phenomena and power-law ination [20,22{24] . Particularly interesting connections were established between spacetime symmetries, described by a conformal timelike Killingvector and the production rate for particles at equilibrium. Depending on the equations of state the symmetry requirements turned out to x the creation rate for uid particles at equilibrium. Moreover, for a gas universe the production of particles could be traced back to specic self-interacting forces on the (classical) microscopic constituents of the cosmic medium [24] . Essential features of the cosmological dynamics may be discussed in terms of microscopic particle motion in a (classical) force eld.
In section III of the present paper we identify those forces on the particles of a simple relativistic gas governed by an equilibrium distribution function which, on the phenomenological level, give rise to an eective bulk pressure = ( + p), where is the energy density o f the cosmic medium and p is the corresponding equilibrium pressure. A negative pressure of this magnitude is equivalent to a particle production rate that coincides with the expansion rate of the universe (see Eq. (25) below). We show that a gas conguration such as this is intimately connected with a symmetry of the spacetime characterized by a \projector-conformal timelike Killingvector" (PCTKV) a which w e generally dene by $ a g ik i;k + k;i = 2P ik ; (1) where $ a g ik is the Lie-derivative of the metric tensor g ik with respect to a and = (x) is a spacetime function. The quantity P ik is the projector P ik = g ik i k a a ; P ik k = 0
on surfaces orthogonal to the timelike v ector a . The special case of interest here corresponds to a = u a =T, where u a is the macroscopic four-velocity of the cosmic medium and T is its equilibrium temperature. The projector P ik then reduces to h ik = g ik + u i u k , the projection tensor orthogonal to u i . The rst part of the paper (section II) therefore intends to clarify the general implications of the PCTKV property o f u a =T for the relativistic uid dynamics. Section IV considers the case that a medium such a s c haracterized in section III dominates the dynamics of a homogeneous and isotropic universe, while section V summarizes our main ndings. Units have been chosen so that c = k B = h = 1 .
II. FLUID DYNAMICS WITH A \PROJECTOR-CONFORMAL" TIMELIKE KILLING-VECTOR (PCTKV)
In uid spacetimes the Lie derivative $ ua T g ab of the metric tensor g ab with respect to u a =T, where u a u a = 1, plays a well-known role to characterize symmetries of the metric. Especially interesting are cases in which u a =T is either a Killing vector or a conformal Killing vector. Like any symmetric tensor, the Lie derivative of the metric may generally be split into contributions parallel and perpendicular to the four-velocity: = 2 h ik ; (13) or relations (7) and _ T T = 0 ; r a T T + _ u a = 0 ; ab = 0 : (14) In this paper we are interested in the third of these cases. In the following section we will give a microscopic realization of the PCTKV behavior on the level of kinetic theory and identify a spacetime which admits a PCTKV.
In the present section we show that the property (7) with a nonvanishing together with Eqs. (14) may b e realized in case the uid particle number is not preserved.
Introducing a length scale a according to = 3 _ a=a, the number N of particles in a comoving volume a 3 is N = na 3 , where n is the particle number density. The corresponding particle number ow v ector is N a = nu a .
Denoting the phenomenological particle production rate by , the particle number balance may be written as u a q a ab ab : (17) With the help of the Gibbs equation (see, e.g., [25] )
where s is the entropy per particle, we obtain nT _ s = _ ( + p) _ n n : (19) Taking into account the standard denition S i = nsu i + q i =T of the entropy o w v ector S i and using Eqs. (15), (17) , and (19) yields
: (20) Under the PCTKV conditions (13) 
For q a = ab = 0 the right-hand side of this equation coincides with n _ s. The especially interesting case = ( + p) which makes the right-hand side of Eq. (21) vanish implies S i ;i = ns (and _ s = 0 for q a = ab = 0): There is entropy production only due to the enlargement of the phase space of the system but not to conventional dissipative processes within the uid, i.e., the entropy production is minimal. States in which the right-hand side of Eq. (21) vanishes (and 0 holds) are states of \generalized equilibrium" [23] . This kind of equilibrium was originally introduced on the basis of the conformal Killing vector property (11) of u i =T. Here we enlarge the generalized equilibrium concept to include the PCTKV case (13) as well. We consider a uid to be in \generalized equilibrium" if (i) S i ;i ns = 0 with 0 holds and (ii) u i =T satises either the conditions (11), equivalent to Eqs. (7) and (12) , or the conditions (13), equivalent to Eqs. (7) and (14) . For massive particles in a homogeneous and isotropic universe the rst case, minimal entropy production under the conditions (11), dealt with in [23, 24] , was shown to imply power-law ination. In this paper we are interested in the second case, i.e., minimal entropy production according to S i ;i ns = 0 together with the PCTKV property (13) . We will demonstrate that this type of generalized equilibrium under the conditions of homogeneity and isotropy requires a de Sitter universe for arbitrary uid equations of state. It is a characteristic feature of generalized equilibrium of both types that the particle production rate is not an arbitrary parameter but determined by consistency requirements. Given equations of state in the general form p = p (n; T) ; = (n; T) ; (22) dierentiation of the latter relation and using the balances (15) and (17) (14) and (23) 
We recall [23] that generalized equilibrium under the conformal Killing-vector conditions (11) (27) where we restricted ourselves again to q a = ab = 0.
Because of relation (25) we nd r a p = r a ) r a = 0 : (28) The energy density is also spatially constant, the pressure not necessarily. With the help of the second equation of state (22) the condition (28) provides us with a relation between r a T and r a n: r a T T = n T @=@n @=@T r a n n ; (29) where
which is a consequence of the fact that the entropy i s a state function.
Restricting ourselves to a classical gas with p = nT and using the rst relation (28) and Eq. (29) as well as the second relation (14) 
From the Gibbs-Duhem relation dp = ( + p ) d T T + nTd T (31) follows under such circumstances that
The Gibbs equation (18) together with the second relation (28) then provides us with r a s = p + 1 r a n
The spatial gradient of the entropy per particle does not vanish in general. We nish this section by considering the general relations (28) - (33) for the limiting cases of pure radiation (ultrarelativistic matter) and nonrelativistic matter. : (34) Although the spatial pressure gradient v anishes, the corresponding gradients of the temperature, the number density and the entropy per particle are dierent from zero unless the uid motion is geodesic.
(ii) p = nT, = nm (37) It is well known that m is the nonrelativistic chemical potential (see, e.g., [26] ).
In the following section we show h o w a gas characterized by the properties (24) and (25) may be realized with the help of relativistic kinetic theory.
III. KINETIC THEORY F OR A GAS IN A FORCE FIELD A. General relations
The conventional kinetic theory of a simple relativistic gas relies on the concept of pointlike particles which m a y interact through elastic, binary collisions. Inbetween the collisions which are assumed to establish an (approximate) local or global equilibrium of the system the particles move on geodesics of either a given spacetime or a spacetime selfconsistently determined by the gas particles themselves. Sophisticated solution techniques for the corresponding Boltzmann equation have been developed and applied to numerous physically relevant situations [25{29]. The usual procedure here is rst to characterize equilibrium states, i.e., states with vanishing entropy production and to relate the parameters of the corresponding distribution function to macroscopic (perfect) uid quantities. Nonequilibrium situations are then, in a second step, taken into account as deviations from equilibrium. Obviously, geodesic particle motion is a highly idealized case. In reality, particle worldlines are supposed to deviate from geodesics since the particles will be subject to additional interactions in general. We assume here that these interactions may be modelled as eective forces on the particles. The kinetic theory for particles under the inuence of various forces was considered, e.g., in [25, 26, 30, 31] . Following the lines of [24] we will focus here on equilibrium states of the gas in a force eld.
Our main objective will be the characterization of equilibrium congurations of a gas under the inuence of a self-interacting force which is quadratic in the particle four-momenta. By \self-interacting" we mean that the force, except its dependence on the microscopic particle momenta, also depends on macroscopic quantities, characterizing the gas system as a whole (see below). This force will neither preserve the particle number nor the energy momentum and it will give rise to entropy production. In particular, it will turn out that a quadratically self-interacting force realizes states of \generalized equilibrium" characterized below Eq. (21), including the condition _ s = 0 for \adiabatic" (or \isentropic") particle production.
The one-particle distribution function f = f (x; p) for relativistic gas particles under the inuence of a fourforce F i = F i (x; p) obeys the Boltzmann equation otherwise; dP 4 = p gdp 0 dp 1 dp 2 dp 3 .
C[f] is Boltzmann's collision term. Its specic structure discussed e.g. by Ehlers [26] will not be relevant for our considerations. Following Israel and Stewart [27] we shall only require that (i) C be a local function of the distribution function, i.e., independent of derivatives of f, (ii) C be consistent with conservation of four-momentum and number of particles, and (iii) C yield a nonnegative expression for the entropy production and do not vanish unless f has the form of a local equilibrium distribution function (see (44) below). Equation (38) implies that the mass-m particles inbetween the collisions move according to the equations of motion
where is a parameter along their worldline which for massive particles may be related to the proper time by = = m .Since the particle four-momenta are normalized according to p i p i = m 2 , the force F i has to satisfy the relation p i F i = 0 .
Both the collision integral C and the force F i describe interactions within the many-particle system. While C conventionally accounts for elastic binary collisions, we intend F i to model dierent kinds of interactions in a simple manner. Strictly speaking, F i should be calculated from the microscopic particle dynamics and, consequently, depend on the entire set of particle coordinates and momenta characterizing the system of gas particles. We will introduce here the simplifying assumption that F i be an eective one-particle quantity which instead of depending on the coordinates and momenta of the remaining particles, is supposed to depend on macroscopic uid quantities characterizing the system as a whole. At the moment w e do not specify this force. It will be determined below by general equilibrium conditions. We expect the concept of a self-interacting force to be useful in circumventing some of the general problems inherent i n attempts to formulate a relativistic statistics for interacting many-particle systems (see, e.g., [32] and references therein).
The particle number ow 4-vector N i and the energy momentum tensorT ik are dened in a standard way (see, e.g., [26] 
where we h a v e restricted ourselves to the case of classical Maxwell-Boltzmann particles.
Using well-known general relations (see, e.g., [28] ) we nd
and
In the following we will focus on the force terms in the expressions (42) and (43). In order to separate the corresponding contributions from those due to the collision integral we will restrict ourselves to collisional equilib- 
where = (x) and a (x) is timelike.
Inserting the equilibrium distribution function (44) 
With f replaced by f 0 in the denitions (40) and (41) This mapping of the \source" term t a onto an eective viscous pressure of a locally conserved energymomentum tensor T ab was explicitly shown to be consistent for specic \sources" t a , depending on the rst and second moments of the distribution function only [19, 20, 23] . In the following subsection we will show that this interpretation continues to hold if specic third moments are involved.
Let us now decompose the four-momenta p a into p a = E u a + e a where e a is a unit spatial vector, i.e., e a e a = 1 , e a u a = 0. Consequently, one has E = u a p a and = e a p a and the mass shell condition p a p a = m 2 is equivalent to 2 
B. Quadratic self-interaction
Any specic force relies on reasonable assumptions about F (x; p). In a previous paper [24] we i n v estigated the most general linear dependence of F on the particle momentum p a . In this paper we assume F to depend quadratically on the spatially projected four-momenta ,
i.e.,
F 1 (x) and F 2 (x) are spacetime functions to be determined by the equilibrium conditions of the gas. It will turn out that it is just this force under the action of which the particle energy E is preserved in a homogeneous and isotropic universe [cf. Eq. (84) Since, on the other hand, relation (7) holds we nd
Identifying a with u a =T, the equilibrium condition (61) for a Maxwell-Boltzmann gas in the force eld (58) coincides with the PCTKV condition (13).
We recall that an ansatz for F linear in the particle momenta instead of the structure (57) analogously reproduces the conformal Killing-vector condition (11) [24] .
Through F 2 the force depends on the uid expansion, a quantity c haracterizing the gas as a whole on the macroscopic level. Since both the microscopic particle momenta and macroscopic uid quantities of the system of gas particles enter the four-force, the latter represents a self-interaction of the gas. Inserting the force (58), equivalent to the expressions (56) and (57), into the source term (49) and using 3p = h abT ab = 3 nT we obtain = 3 mF 2 (x) : 
The third moment M aim enters the energy balance but not the momentum balance. The momentum balance in Eq. (52) with the \source" term (67) coincides with the corresponding balance in [23] . It follows that the arguments in [23] which prove the consistency of the momentum balances in Eqs. (52) and (53) 
Using here for the equilibrium pressure p [25] abatic" or \isentropic" particle production is a property of the force c onsidered here and needs not to be p ostulated separately.
For any = 0 Eq. (74) implies S a ;a 0. The self-interacting force provides us with a nonnegative expression for the entropy production in an expanding universe. This completes our microscopic derivation of generalized equilibrium characterized by Eqs. (21) and (24) under the PCTKV condition (13).
IV. THE SELF-INTERACTING GAS UNIVERSE
Having claried the implications of generalized equilibrium, especially the consequences of relation (13), both phenomenologically and on the level of kinetic theory, w e now consider Einstein's eld equations with the energymomentum tensor (54). This corresponds to a situation where matter in generalized equilibrium dominates the dynamics of the universe. Since generalized equilibrium was shown to be realized by a self-interacting gas we call such kind of conguration a self-interacting gas universe. While it is generally an open question to what extent the hot and dense early universe is accessible to a kinetic description, a gas is the only system for which the correspondence between microscopic variables and phenomenological uid quantities is suciently well understood. This makes gas universes interesting toy models and we hope that such kind of approach also gives an idea of the relevant p h ysics in our real universe.
The target of this section is to demonstrate explicitly, that the specic self-interaction (58) (equivalent to the combination of Eqs. (56) and (57)) under the equilibrium conditions (60) and (61) allows us to exactly integrate both the equations for the cosmic scale factor of a homogeneous and isotropic self-interacting gas universe and the corresponding microscopic equations of motion for the individual gas particles. A self-interacting gas universe represents an exactly solvable model both microscopically and on the phenomenological uid level. A homogeneous and isotropic simple gas universe with arbitrary equation of state and quadratic (in the spatially projected microscopic particle four-momenta) selfinteraction inbetween elastic binary collisions requires a de Sitter spacetime to be in (generalized) equilibrium.
Evidently, this also implies that the de Sitter metric admits a PCTKV. The consistency of this statement may be checked from Eq. (13) directly by using that the temperature T is constant both in space and time, together with the well-known decomposition of the covariant derivative of the four-velocity [33, 34] In other words, the selnteraction of a classical gas is able to realize an eective uid equation of state P eff p + = [cf. Eq. (25) ] which in a cosmological context is usually obtained with the help of a scalar eld. A scalar eld represents an \exotic" kind of matter with mainly theoretical evidence at the present state of knowledge. We argue here that it may occasionally be helpful to have alternative w a ys of considering issues of ination in terms of conventional matter models which are more familiar and intuitive compared with the \exotic" ones.
A remarkable dierence to scalar-eld-driven ination is the circumstance that our approach predicts an exponential increase of the comoving entropy nsa 3 during the de
Sitter phase. Our results may also shed new light on the old question whether or not a uid bulk pressure may drive ination. We recall that this issue has been discussed in the literature from dierent points of view ( [9,35{38,3,4,8] ). While Pacher et al. [9] have shown that suciently high negative pressures cannot arise in a weakly interacting mixture of relativistic and nonrelativistic particles (see also [37] ), Lima et al. [35] pointed out that the situation may be dierent if the dilute-gas approximation is given up and causal thermodynamics is applied. Further investigations along this line have conrmed the existence of inationary solutions [36, 38, 3, 4, 8] , although there exist general problems with their physical interpretation [3, 4, 8] , at least as long as cosmological particle production is not taken into account. The fact that a bulk pressure may phenomenologically represent certain quantum phenomena, especially particle production processes, is well known in the literature [39{41]. As was remarked in [13, 17] \conventional" bulk pressures, i.e. bulk pressures due to internal interactions, and eective bulk pressures resulting from particle production are separate effects and both of them contribute to the overall dynamics of the system. We emphasize again that the quantity in the present paper is exclusively due an increase in the number of particles and not the \conventional" bulk viscous pressure of linear, irreversible thermodynamics, describing internal particle number preserving interactions. \Con-ventional" bulk pressures, generally equivalent t o _ s 6 = 0 , have been excluded here by the assumption of collisional equilibrium. The possibility o f a n o n v anishing _ s due to the process of particle production was eliminated by the requirement of \generalized" equilibrium (see the discussion below Eq. (21)).
The above mentioned studies within the framework of causal thermodynamics relied on deviations from thermodynamical equilibrium characterized by _ s 6 = 0 whereas the present considerations refer to a (generalized) equilibrium and imply _ s = 0. While there are limits for deviations from equilibrium in the mentioned nonequi-librium appoaches (deviations up to second order), there are no such restrictions in the context of this paper. In particular, there is no need of a requirement jj < p in our case to be well within the range of applicability o f t h e theory as in conventional nonequilibrium thermodynamics. The present analogue of the bulk viscous pressure which i n c o n v entional irreversible thermodynamics represents (small) deviations from (collisional) equilibrium is a quantity without corresponding limitations. Instead it is determined by equilibrium conditions, equivalent to symmetry requirements. This quantity is directly related to the particle production rate which is traced back t o a simple force on the (classical) microscopic level. It follows that is completely determined by this force. The problem whether a bulk pressure may drive ination reduces to the question whether there exist microscopic forces on the particles, equivalent to a nongeodesic motion of the latter, which generate an appropriate macroscopic quantity . Our considerations show that a surprisingly simple force generates such a quantity. In this sense the question whether or not an eective bulk pressure may drive ination is answered armatively. A nal statement, however, requires the derivation of this force from an underlying quantum level which i s b e y ond the scope of this paper.
Having determined the selnteracting force by the equilibrium conditions of the gas it is now also possible to study the particle motion (39) 
implying the expected behavior E / a 1 for massless particles (photons) while the nonrelativistic energy " E m with " m of massive particles decays as " / a 2 .
(ii) F = (E m) = 3. The previously studied force with a linear dependence of F on the particle fourmomenta is given by this expression for massive particles (m T) in a homogeneous universe [24] . In such a case, which implies the conformal Killing-vector property (11) and power-law ination according to a / t 4=3 [24] , the solution of Eq. (80) The nonrelativistic energy of massive particles under generalized equilibrium conditions in a (quasi-)linear force eld decays linearly with the cosmic scale factor, i.e., in this case the selnteracting force makes nonrelativistic particles behave like radiation. This may be regarded as the microscopic counterpart of the statement that radiation and nonrelativistic matter may be in equilibrium in the expanding universe, provided the number of matter particles increases at a specic rate [20, 24] . The self-interacting force prevents the particle energies from decaying with the expansion. Independently of the equations of state the particle energies are preserved in such a universe.
With the result (84) we h a v e completed the exact solution of our model of a quadratically self-interacting gas universe. It is the essential feature of this model that the same force which on the microscopic level makes the gas particles move at constant energy is responsable for an eective gravitational repulsion on the macroscopic level, implying an exponentially accelerated expansion of the universe.
V. CONCLUSIONS
In this paper we introduced the concept of a \projector-conformal" timelike Killing vector (PCTKV) and discussed the corresponding uid dynamics under the condition of minimal entropy production (generalized equilibrium). Such kind of equilibrium conguration requires a particle production rate which coincides with the uid expansion rate. As a consequence the energy density of the uid turned out to be stationary. A microscopic realization of this phenomenologically dened concept was given with the help of the kinetic theory for a classical gas in a force eld. A quadratic (in the particle fourmomenta) self-interaction of the microscopic gas particles was shown to provide both the PCTKV property o f u i =T and \adiabatic" (or \isentropic") particle production. This force concept turned out to result in a comprehensive picture of the gas dynamics both macroscopically and microscopically and allowed us to establish an exactly solvable model of a quadratically self-interacting gas universe. We found that generalized equilibrium under the conditions of spatial homogeneity and isotropy for such a conguration necessarily implies a de Sitter spacetime. We claried in which sense an eective bulk pressure may drive exponential ination.
